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ADR* AND COSTEC EI CCMPUTER SCIENCE 
ftervin Minsky 

llie trouble with carputer science today is an obsessive concern with 
fOTra instead of content . 

No, that is the wrong way to begin. By any previous stardaixl the 
vitality of ccaputer science is enormcur s ; what other intellectual area. 
ever advanced so far In twenty years? Besides, the theory of canputaticn 
perhaps encloses, in seme way, the science of form, so that the ccraera 
is not so badly misplaced, Still, I will argue that an excessive pre- 
occupation with formalism is impeding our development. 

Before entering the discussion proper, I want to record the satisfaction 
ni/ colleagues, students, art I derive fron this Turing award. The cluster 
of questions, once philosophical but new scientific, surroundins the 
understanding of intelligence were of paramount concern to Alan Turljg, 
arri he along with a few other thinkers — notably Warren S. McCulloch 
and his young associate, Walter Pitts — irade many of the early analyses 
that led both to the ccoputer itself and to the new technolosr of 
Artificial Intelligence. In recognising this area, this award should 
foci© attention on other work of iny own scientific fgmily -— Ray Solaiwnoff , 
Oliver Selfridge, Jchn McCarthy, Allen Newell, Herbert Simon art Sejroxir 
Papert > irp clceest associates in a decade of work. Papert's views pervade 
this essay. 

*Kiis essay has three parts, suggesting fonn-content displacements in 
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I. Theory of Computation, 

To build a theory, cne needs to knew a lot about the ba3ic phenomena 
of the subject itatter. We siirply do not know enough about these* In the 
Theotv of Carputation, to teach the subject very abstractly. Instead, we 
ought to teach more about the particular examples we new understand 
thoroughly, and hepe that frcta this we will be able to guess arxt prove 
irare general principles, I am not saying this Just to be conservative 
about thirds probably true that haven ! t been proved yet, I think that 
rcany of our beliefs that seeta caanonsense are false, Vie have bad 
ntlsconceptlore about the possible exchanges between tlire and memory* 
tradeoffs between tine and program cccnplexity, software and hardware, 
digital and analog circuits, serial and parallel computations, 
associativa and addressed memory. Bud so on. 

It is instructive to consider the analogy with Physics, in which 
one can organize much of the basic knowledge as a collection of rather 
carpact conservation laws. This, of course, is Just one kind of 
description; one could use differential equations, miniirum principles, 
equilibrium laws, etc. Conservation of energy, for exerople, can be 
interpreted as defining exchanges between various ferns of potential 
ajid kinetic energies, such as between height and velocity squared, or 
between temperature and pressure-volune . One can base a developnent of 
quantum theory on trade-off between certainties of positlcn and nxsnentum, 
or between tlms anJ energy. There is nothing extraordinary about this; 
any equation with reasonably smooth solutions can be regarded as 
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deflnire sow kind of trade-off anong Its variable quantities,^ Sfffelf 

risky to become too attached to a particular fonn or law and ccme to 
believe that it Is the real basic principle. See Feyroan's IlJ 
dissertation on this* 

Nonetheless, the recognition of exchanges is often the conception of 
a science, if quantifying them is Its birth. Vihat do we have, in 
Computation, of this character? In the theory of recursive functions, 
we have the observation by Shannon that any Turing machine with Q 
states ani R symbols is equivalent to one with 2 states and nQR syntools, 
ani to one with 2 syntools and n*3R states, where n and n 1 are small 
routers. Thus the state-syrrtool product QR has an almost invariant 
quality in classifying irachines. Unfortunately, one cannot identify 
the pwduct with a useful measure of machine coiplexity because this, 
in turn, has a trade-off with complexity of the encoding process for 
the racftlnes — and that trade-off seem too irecratable for useful 
application. 

Let us consider a more elementary, but still puzzling, trade-of ; 
that between addition awl imltiplication. How irany multiplications 
does it take to evaluate the 3 x 3 determinant? If we write cut the 
expansion as six triple-products , we need twelve multiplications. If 
we collect factors, using the distributive law, this reduces to nine. 
What is the nriniraim nunfcer, arcf how does one prove it, in tMs and in 
the n x n case? The inportant point is not that we need the answer. 
It is that we do not know hew to tell or prove that prc^osed answers 
are correct I For a particular formula, one could pert;ap3 use sane sort 
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of exhaustive search, but that wouldn't establish a general rale. One of 
our prire research goals should be to develop methods to prove that 
particular procedures are computationally mintaal. In various senses. 

A startling discovery was made about multiplication itself in the 
thesis of Cook L 3 3 * *hlch uses a result of Tooni it is discussed in 
Knuth iffy . Consider the ordinary algorithm fcr multiplying decimal 
juibers: Tor two n-dlgit numbers this enplcys n one-digit prcducts. 
It Is usually supposed that this is mlniirel , But suppose we write the 
rwnters in two halves, so that the product is 

N - «A 4 B) (gC 4 D) 

where 8 stands for multiplying by lO^ 2 {We assume that the left- 

Shift cgwration is considered to haw negligible cost J Then one can 
verify that 

N = ggAC + BD 4 iU 4 B)(C 4 D) - @(AC 4 BD). 

This involves only Uiree half-length irultip 11 cations, instead of the 
four that one mij^it suppose were needed. For large n, the reducticn can 
ctoviously be re-applied over and over to the smaller nunfcers, The price 
is a growing nirfcer of additicns. By compounding this and other ideas, 
Cock showed that for any c and large enough n, multiplication requires 
less than n * products* instead of the expected n , Recently, Strassen 
has used a result of S, Winograd to shew that to multiply two m x m 
matrices, the nurfcer of products could be reduced to a power between 
m and m , when it was always believed that the nuntoer must be cubic 1 — - 
because there are m terms in the result and each would seem to need a 



separate Inner product with m multiplications , In both eases ordlnaxy 
intuition has been wrong for a long timej so wrong that apparently no 
one locked for better rcethcds. We still do not have a set of proof 
methods adequate for establishing exactly what is the irdirdnain trade-off 
exchange ( irt the wtV'XWSfi btt«i4M»i fn*(f'pLirw and 4.JJin<i. 

The muitiply-add exchange may not seem vitally important in itself, 
but if we cannot thoroughly understand something so staple * we can 
expect serious trouble with anythire; more complicated, 

Consider another trade-off; that between meiroiy-sise and 
ccrnputaticn-tijre , In our book. Percept rcm Sj Papert and I have peced a 
aijtple question: given an artitrary collection of n*-bit words, he*; rrany 
references to raantory ore required to tell which of those words is 
nearest (in nunfcer of bits that agree) to an arbitrary given word? Since 
there are many ways to encode the "library* collection, sore using rare 
menray than others, the question stated more precisely is: how must 
the irenwry size grew to achieve a given reduction in the nunber of 
meirory-referenceg? This much is trivial: if meroiy is large enough, 
only one reference Is required, for we can use tfte question itself as 
address, and store the answer in the register so addressed. But if the 
memory is Just large encugh to store the information in the library, 
then one has to search all of it — and we do not knew anv intermediate 
results of any value . It is surely a fundamental theoretical problem of 
Information retrieval, yet no cae seems to have any idea about how to 
set a good lower bound on this basic trade-off. 

Another is the serial-parallel exchange. Suppose that we had n 
cenputers instead of Just one. Hew much can we speed-up what kinds of 
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calculations? For scc*e, we can surely gain a factor of n, But these are 
rare. For others, we can pain log n, but it is hard to find any or to 
prove what are their properties. And for mcx»t, I think, we can gain 
friaxdltf anything; this is the case in vtoich there are many highly- 
branched conditionals, so that lock-ahead on pcesible branches will 
usually be wasted. We know almcct nothing abcut this; mast people think t 
with surely incorrect optimism, that parallelism is usually profitable. 

These are Just a few of the poorly urderstocd questions about 
computational trade-offs. There is no space to discuss others, such 
as the digital-analog question, (San* problems about local vs. global 
cctnputatlons are outlined in Percept ions.) Arri we knot! very little 
about trades between numerical and syrrbolic calculation . 

There is, in today's computer science curricula, very little 
attention to mat £& knom about such questions; almost all their tire 

T^k 1 ***** 1 

is devoted to classifications of syntactic language types, defeatist 
A 

unsolvability theories, folklore about systems prcgramdng, and 
generally trivial frapnents of "optindzaticai of legic design** — - the 
latter often in situatiore where the art of heuristic programming has 
far outreached the special-case "theories" so grimly taught and tested 

, and invocations about prcgranrniirg style almost sure to be outroded 

before the student graduates. Even the most seemingly abstract courses 
on recursive function theory ard formal lcglc seem to ignore the few 
kncwi useiXil results on provirg facts abcut caapilers or equivalence of 
programs . Pb&t courses treat the results of work in Artificial Intelligence, 
seme new fifteen years old, as a peripheral collection of special 
applications, whereas they in fact represent one of the largest bodies of 
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enpirical artfl theoretical exploration of real computational questions y 
Until all this preoccupation with fonn is replaced by attrition to the 
«i)Stantial issues in computation, a young student nd^it be well 
advised to avoid much of the Conputer Science curricula, learn to 
prcgranij acquire as much mathematics and other science as he can, and 
study the current literatures In Artificial Intelligence, Corplexity 
and Optimization theories. 



2, Programming Languages 

Even In the field of programing languages and compilers, there Is too 
much concern with fonn, I say "even 11 because cue might feel that this is 
one area in >foich form ought to be the chief concern. But let us consider 
two entangled assertions: (1) languages are gettirg to have too much 
syntax and (2) languages are being described with too much syntax. 

Canpllers are not concerned enough with the meanings of expressions , 
assertions and descriptions . The use of context-free granmars for 
describing fragments of languages led to ijiportant advances in uniformity, 
both In specification and in luplementaticn. But although this works well 
In simple cases, attenpts to use it may be retarding devel<rn*ent in more 
complicated areas. There are serlcus prctolen© in usirg granmars Xo 
describe self-modiiying or self-extendirg languages that involve 
executing, as well as speciiVi^G* processes. One cannot describe 
syntactically — that is, statically — the valid expressions of a 
language that is changing. Syntax extension mechanisms must be described, 
to be sure, but if these are given In terns of a modern pattern-matching 
language like SNC60L, CCWVEHT £6j or MATCHI£SS £7] 

there need be no distinction between the parsing prcgram and the language 
description itself. Carputer languages of the lUture will be more 
concerned with goals and less with procedures specified by the prcgranmer. 
The following arguments are a little on the extrene side but, in view of 
today's preoccupation with form, this overstepping will do no hann. (Sane 
of the ideas are due to C. Hewitt and T. Wlnograd.) 
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2,1 Syntax Is often unnecessary 

One can survive with much less syntax than is generally realized t 
Mich of prcgr ac r jl ng syntax is concerned with suppression of parentheses 
or with enphasis of scope rarkers* There are alternatives that have 
been much under-used. 

Please do not think that I am against the use, at the human 
Interface, of such devices as Infixes and operator precedence. They 
have their place. But their importance to caiputer science as a whole 
has been so exaggerated that it is beginning to cornet the youth. 

Consider the familiar algorithm for the square root, as it mi#it be 
written in a modern algebraic language, ignoring such matters as 
declarations of data types * One asks fear the square root of A, given an 
initial estimate X and an error limit E. 

DEFINE SQKT(A,X,E1: 

if AES(A - X * X) < E then X else SQKT(A , (X + AAJ/2 > E). 

In an imaginary but recognizable versicn of LISP; see Levin [ ft] or 
hfeissman 1 rJ , this sare procedure mi^ht be.as follows: 

A 
(rCPINE (SQHT AXE) 

(IP (I£SS {ABS (- A (« X X))) E) THEM X 

ELSE (35HT A (/ (+ X (/ A X)) 2) E))) 
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Here, the function-nanes cote immediately inside tholr parentheses, Qhe 

clunsiness, for hurans, of writing all the parentheses is evident; the 

advantages of not having to learn all the conventions, such as that 

(X + A / X) is (+ X (/ A X)) and not (/ X (+ X A)) is often overlooked. 

Of course, this is good for the ccoipiler which has only to parse the 

parenthesis structure. 

It remains to be seen whether a syntax with explicit delimiters is 

reactionary, or whether it is the wave of the future, It has inportant 

advantages for editing, interpreting, and for creation of prcffrans by 

other program s. The caiplete syntax of I*LSP can be teamed in an hour 

or so; the interpreter is conpact and not exceedingly conplicated, and 

students often can answer questions about the system by reading the 

i 

interpreter program itself. Of course, this vdll not ftnsWel* all 
questions about a real, practical implementation, but neither would any 
feasible set of syntax rules. Furthermore, despite the language's 
cluroiness, many frontier workers ccnsider it to have outstanding 
expressive power. Nearly all work on procedures that solve probleira 
by building and irodifying hypotheses have been written in this or 
related languages. Unfortunately, language designers are generally 
unfamiliar with this area, and tend to dismiss it as a specialized body 
of "symbol-manipulation techniques". 

Mach can be done to clarify the structure of expressions in such a 
"syntax-weak" language by usirg indentation and other layout devices 
that are outside the langjjage prcper. For example, one can use a 
"postponement" synfcol that belongs to an input preprocessor to rewrite 
the above as 
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DEFINE (95RT A X E) ^ # 

IP »«> THEN X ELSE => * 

1£SS — > E # ABS (- A ( * X X>) # 
SQRT A ~> E # /^2 # +X(/AX) 

tfiare Affneans ")(" and We cLrr*w ireans "Insert here the next 
expression, delimited t>ya<k£ that Is available after replacing 
(recursively^ its own a*v*w5. The indentations are optional. This 
gets a good part of the effect of the usual scc^e indicators and 
conventions by two sijfple devices, both handled trivially by reading 
programs, ani it is easy to edit becaiee subexpressions are usually 
complete on each line. 

To appreciate the newer arci liMtations of the pestpenanent 
operator the reader 3hould take his favorite language and his favorite 
algorithms arcl see what happens. He will find many choices of what to 
pestpone, ard to exercise judgement about what to say first, which 
arguments to emphasize, arri so forth- Of course, ■■> is not the 
arewer to <tl| problare; one needs a postponement device also for 
list-fTagnisnts, arrf that requires its cwn delimiter. In any case, 
these are but steps tcward irore graphical program-description systems, 
for we will not forever stay confined to r*tta strings of syntools. 

Another expository device* suggested by Dana Scott, is to have 
alternative brackets for indicating rigit-to-left functional caiposition, 
so that one can write 

<<«>h>g>f 
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Instead of f(g(h(x))) when one wants to indicate more raturally what 
happens to a quantity in the course of a corputaticsi, Ms allcws 
different "accents", like f( < h{x) > g } which can be read: 
"carpute f of what you get by first computing h(x) enS then applying 
g to it". 

The point is better made, perhaps, by analog than bcj example, In 
their fanatic concern with syntax, language designers have becons too 
sentence-oriented. With such devices as =>, one can construct ctojects 
that are mare like paragraphs, without falling all the way back to 

flcw-diagrarce , 

Todays high-level programming languages offer little expressive 
pacer in the sense of flexibility of style. One cannot control the 
sequence of presentation of ideas very much without changing the 
algorithm* itself. 

2,2 Efficiency and ureters tarcllrjg Progran© 

What is a corpiler for? The usual answers reswfcfc ''to translate 
fran one language to another" or "to take a description of an algorithm 
and assenfcle it into a program, flllirg in many small details." For 
the future, a irore antoitious view Is required, Ifoet ccnplleps will be 
systero that "proiuce an algorithm, given a description of its effect.' 1 
This i3 alreatfy the case for modern input-output systems j they do all 
the creative woric, while the user irerely supplies exairples of the 
desired fonrats: here the conpiler3 are more expert than the users. 
Patterrwratcfcing languages are also good examples , But except for a few 
such special cases, the cccpiler desi^iers have irade little progress in 
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getting gcod program written. Recognition of carmen subexpressions , 
optijnization of Inner I0C93, allocation of multiple registers, etc., 
lead but to small linear improvements in efficiency — am colliers 
do little enou^i about even these. Automatic storage assignments can 
be worth more. But the real payoff Is In analysis of the computational 
content of the algorithm itself, rather than the way the programmer 
wrote it dewn. Consider* for exanple: 

EEFDE FIB(N): if N=i tfien 1, if N=2 then 1, 
else FIB(N-l) + FIB(N-2). 

Hils recursive definition of the Fibonacci nunfcers 1, 1, 2, 3, 5 f 8, 13* .* 
can be given to any respectable algorithmic language and will result in 
the branching tree of evaluation steps shown in Pig. l t 
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One sees that the amount of woric the machine will do grcwn 
exponentially with N. (More precisely* it passes throu^i the ardor 
of PIB{N) evaluations of the deflniticn!) There are better ways to 
eccput* this function, Ihus we can define two tenporary registers 
srd evaluate FIB(N 1 l) in 

EEPINE FIB(N A B): if N=l then A else FTB(N-1 A+B A) 

which is singly-recursive arri avoids the branching tree, or even use 

A = 
B = 1 
LCOP SWAP A B 

if N«l return A 
N - N-l 
B - A+B 
goto LOOP 

Any prcgraimer will soon think of these, ctice he sees what happens in 
the branching evaluation- This is a case in which a "course-of- values" 
recursion can be transformed into a sijiple iteration. Toiay's compilers 
don't recqjnize even simple cases of such transformations, althou^i the 
reduction in exponential order outweighs ary possible gains in local 
"cptimizaticri" of code. It is no use protesting either that such gains 
are rare or that such matters are the prcgranroer's responsibility . If 
it is Important to save compiling tirce* then such abilities could be 
excised. For programs written in the pattem-matchirg languages, for 
exanple, such simplifi cat ions are indeed often made- One usually wins 
by ccnpiling an efficient tree-parser for a ENP system instead of 
executing brute force analysls-by-synthesls. 

To be sure, a systematic theory of such transformations is 
difficult, A system will have to be pretty smart to detect 
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which transformations are relevant and when It pays to use them* since 
the prograiroer already knws his intent, the prctolem would often be 
easier If the proposed algorithm Is accompanied (or even replaced) by 
a suitable gaal-d&claratlon expression. 

To move in this direction, we need a body of knwledge abcut 
analysing and synthesizing programs. On the theoretical side there 
i£ new a lot of activity studying the equivalence of algorithms and 
schemata, and on proving that procedures have stated properties. On 
the practical side the works of W*A. Martin ftflj am J. Moses pfl 
illustrate how to mate systems that knew enough about symbolic 
transformations of particular mathematical techniques to sigjilflcantly 
siqjpleirent the applied mthemtlcal abilities of their users. 

There is no practical consequence to the fact that the prcgram- 
reduction problem is recursively unsolvable, in general, *Crie wculd 
expect programs eventually to go far beyond human ability in this 
activity, and make use of a lai^e txxty of program-transformations in 
fonrally purified forms, Ihey will not be easy to apply directly. 
Instead, one can expect the development to folia/ the lines \*e have 
seen In Synfcolic Integration** Slagle £iaj and Jtoses frlJ B 

.A 

First a set of sinple fonnal transformations that correspond to the 
elementary entries of a Table of Integrals were developed. Cti top 
of these Slagle built a set of heuristic techniques for the 

algebraic and analytic transformation of a practical problem into 
those already understood elements ; tills involved a set of character- 
izatiOT and matching procedures that might be said to use "pattern 
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recognition 1 ' , In the system of I'fcees both the matching procedures 

and the transfomiatiOTs were so refined that, in meat practical prctolsins, 
the heuristic search strategy that played a large part in the performance 
of Slagle's program becam? a minor augmentation of the sure knowledge and 
its skillful application ccoprlsed In Hoses' system. A Heuristic Cai^iler 
s-*ik*t u-MI eventually need much irore general kncwlfldge and cannon 

sense than did the symbolic integration systems, for its goal is mere 
like nakln; a whole Kathenatician than a specialized Integrator. 

2,3 Describing Programing Systems 

No matter hew a language is described, a computer must use a 
procedure to interpret it. One should remenber that in describing a 
layruarTe the naln goal is zo explain hew to write programs in it and 
wirat such projraire mean . The main goal Isn't to describe the syntax. 

Within the static framework of syntax rules, normal foims. Post 
productions and other such schemes, one obtains the equivalents of 
logical systems with axions, rules of inference and theorems. To 
design an unambiguous syntax corresponds then to desigiing a mathematical 
system in which each theorem has exactly one proof! Eut in the ccnpjt- 
ational framework, this is quite beside the point. One needs an extra 
Lrgreolent — control — fefaafc liee outride trie usual tVarnework of a 
logical system; an additional set of rules that specilV vhen a rule of 
inference is to be used. So, for many purposes, ambiguity is a pseudc- 
problem. If we view a prcgram as a process * we can rarentoer that our 
most pcwerftil process-describing tools are program themselves, aixl t hey 
are inherently unsntoiguous. 
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Tliere Is ix> paradox in defining a programming language by a program. 
The procedural definition rust be understood, of course. One can achieve 
this understanding by definitlcns written In another language, caie that 
nBy be different, more familiar, or sinpler than the one being defined. 
But it is often practical, convenient, and proper to use the same* 
language! For to understand the definition, oie needs to knew only the 
wonting of that particular progran, and not all ijrplicaticns of all 
possible applications of the language- It Is this parti cularizatian 
that irakes bootstrapping possible, a point that often puzzles begin- 
ners as well as apparent authorities. 

Usli*5 BNF to describe the formation of expressions may be retarding 
(fcvelctment of new languages that smoothly incorporate quotation, self- 
modification and synfcolic manipulation into a traditional algorithmic 
frairework. ihis, in turn, retards progress toward problem-solving, goal- 
oriented prcgrarming systems. Paradoxically, though medern programming 
ideas were developed because processes were hard to depict with classical 
mathematical notations, designers are turning back to a* earlier form — +*\£ 
equation — in just the kind of situation that needs program, In the 
next section, en Education, we will see a similar situation in teaching, 
with pertiaps more serious consequences. 
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3. l£AfiNINQ, TEACHUK, AND lltE "NEW MAaHOWTICS." 

Education Is another area in which the conputer scientist has 
confused foirn and content, but this tine the confusion concerns his pro- 
fessional role. He perceives his principal function to provide program 
and TOchlnes for use in old and new educational schemes. Well and gpod f 
but I believe he has a rare conplex respcraibility — to work out and 
connunicate models of the process of educaticai itself- 

In the discussicffi belcw, I will sketch briefly the viewpoint {de- 
veloped with Seyrour Papert) from which this belief stems. The follow- 
ing statements are typical of our view: 

1. To help people learn is to help them build, in their heads, 
various kiixls of conputational models, 

2. Ihls can best be done by a teacher who has, in his head, a 
reasonable model of what is in the pupil's head- 
s' For the saire reason the student, when debugging his cwn models 

and procedures, should have a rcdel of what he is doing, 
and must knew g^od debugging techniques, such as hew to form- 
ulate sijiple but critical test cases. 
4. It will help the student to knew southing about conputation- 
al models and progranndng. The idea of debugging* itself, 
for eranple, is a ver^ pcwerftil concept — in contrast to the 
helplessness prcmoted by our cultural heritage about gifts, 
talents, and aptitudes- Ihe latter encoura^ "I'm not gocd 
at this" instead of "tew can I make itself better at it-" 



*Turing was quite good at debugging hardware. He would leave the power 
ai, so as not to lose the "feel of the thing. Evei^one does that today, 
but it is not the same thing now that the circuits all work en three or 
five volts. 
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ihese have tlie sound of connm sense, yet they are not arcong the basic 
principles of any of the popular educational schemes such as "operant re- 
inforcement", "discovery methods", audio-visual synergism, etc. This Is 
not because educators have ignored the possibility of irental niDdels, but 
because they siaply had no effective way f before the beginning of work en 
simulation tf thou^it processes, to describe, construct, and teat such ideas* 

We cannot digress here to answer skeptics who feel it too sinple- 
minded (if not impious, or cbscene) to compare minds with programs. We 
can refer many such critics to the paper of 1\jring fi3j. For those who 

feel that the answer cannot lie in any machine, digital or otherwise, I 
have arguec E'tJ tbaz machines, when they becone intelligent, very likely 
will feel the saire way, so that can not be a strcng argument. [Ihe re- 
lentless growth of the pewer of problem-solving programs has already 
gone far beyond any other serious scientific ccccetitlon. For so™ over- 
views of this area, see Feigenbaum and Feidman [j5J orA Minsky [jfcj 
but one can keep really up-to-date in this fast-roving field only by read* 
ing the contenporary doctoral theses and ccsiference papers on artificial 
intelligence.] 

There is a fundamental pragmatic point in favor of our propositions. 
The child needs rrodels: to understand the city he jray use the organism 
model; it nust eat, breathe, excrete, ctefend itself, etc. Not a veiy good 
rrcdel, but useful enough- Bw metabolism of a real organism he can under- 
stand, in turn, by conparison with an engine. But to irodel his t*m self 
he cannot use the englre or the organism or the city or the telephone 
switchboard; nothing will serve at all but the conputer with its programs 
and their bugs. Eventually, progra mmi ng itself will becore rore inportant 
even than mathematics In early education. Nevertheless T have chosen 
mathematics as the subject of the renainder of this essay, partly because 
we understand it better but mainly because the prejudice against prcgr a r ml ng 
as an academic subject would prevent too many readers from listening. 
Any other subject could also do, I suppose, but nathenatical issues and 



-20- 



concepts are the sharpest and least ccnftjsed by hi#ily charged eroticnal 
probleire. 

3.1 MATHEMATICAL POfTOtAIT OF A SMALL GUIS) 

Imagine a small child of between five and six yeare, about to enter 
the first grade. If we extrapolate today's trend, his rathenBtical educa- 
tion will be ccraiucWd by poorly oriented teachers and, partly, by poorly 
progrannEd machines; neither will be able to respond to nuch beyond "correct" 
arcl "wrong" answers, let alone to make reasonable interpretations of what 
the chid does or says, because neither will contain jpcd nrxtels of the 
children, or good theories of children's intellectual develcpoent. The 
child will begin with sinple aritherntic, set theotv* and a little geometry; 
ten years later he will know a little about the formal theory of the real 
nuafcers, a little about linear equations, a little rrore about gecratry, 
and aljDDst nothing about continuous and limiting processes. He will be 
an adolescent with little taste for analytical thlrtting, unable to s^iy 
the Wn years' experience to understanding his new world. 

Let us look rore closely at our child, in a ccnpceite picture drawn 
fran the work of Piaget and other observers of the child's rental ccnst ruction. 

Our child will be able to say "one" "two "three" ... at least up 
to thirty and probably up to a thousand. }fe will know the nanes of seme 
larger nuntoers but will not be able to see, for exanple, why ten thousand 
is a hundred hundred. He will have serious difficulty in counting back- 
ward unless he has recently becans very interested in this. (Being good 
at it would make sixtple subtraction easier, and might be worth sane practice.) 
He doesn't have nuch feeling for odd and even. 

He can count four to six cbjects with perfect reliability, but he 
will not gat the sane count every time with fifteen scattered ctojects. 
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He will be annoyed with this, because he Is quite sure he shouM get the 
sarre nu*er each tine- The observer will therefore think the child has 
a good idea of the nuntoer concept but that he is not too skillful at apply- 
ing "• 

Hcwever, ijiportant aspects of his concept of nuntier will rot be at 
all secure by adult standards- R^r example, when the ctojects are re- 
arranged before his eyes, his inpression of their quantity will be affected 
by the geoiretric arrangement. Thus he will say that there are ferer 
x's than y's in: 

X X X X X X X 

y y y y y y y 

and when we move the x's to 

x x x x x x x 



he will say there are more x's than y's. To be sure, he is answering 
{in his cwn nind) a different question about size, quite correctly, but 
this is exactly the point: the iinnutability of the nunfcer, in such situa- 
tions, has little grip ot him. He cannot use it effectively for reason- 
ing althou^i he shews, en questioning, that he knows that the nunber of 
things cannot change slirply because they are rearranged. Similarly, when 
water is poured from one glass to another, (Fig, 2) 




n 
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he will say that there is rrore water in tte tall Jar than In the squat 
ere. He will have poor estimtes about plane area, so that we will 
not be able to find a context In whicft te treats 



4^ 




i-.j lb 




When he is anoiult, by the way, and is given two vessels, cne 
twice as large as trie other, in all diiiensians 



fox* 




C •< 1* 



V 



he will think the one holds about four tines as much as the other: 
probably he will never acquire better estimates of volune. 
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As for the nunfcers theneelves, we knew little of what is In his 

mLnd< According to Galtoi [jyj , thirty children in a hundred will 

associate snail nunbers with definite visual locations in the space 

In frcttt of their body-linage, arranged in sorre idiosyncratic manner such 

as shewn in Pig. 3. 

Fig. 3 



6 1 



Tliey will probably still retain these as adults t ard nay use them 
In sore obscure semicenscious way to rerentoer telephone nunbers; they will 
probably grow different spaticnvisual representations for historical dates, 
etc. The teachers will never have heard of such a thing and, if a 
child speaks of it, even the teacher with her own nunfcer forai is unlikely 
to respond with recoj?iition. {tty experience is that it takes a series 
of carefully posed questions before era of thfe adults will respond, 
n Ch, yes; 3 is over there, a little farther back".) Wten our child 
learns colunn sure, he may keep track of carries by setting his tongue 
to certain teeth, or use son? other obscure device for tenporaiy irerory, 
and no ccie will ever know. Perhaps scne ways are better thai others. 

His gscmstric world is different frcci ours. fe dees not see 
clearly that triangles are rigid, and thus different from other polygpns. 
He dees not know that a 100- line approximation to a circle is indis- 
tinguishable from a circle unless it is quite larg*. He does not draw 
a cube in perspective. He has only recently realized that squares 
beccce diamonds men put on their points. Hie perceptual distinction 
persists in adults. 
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■BiUS in Fig- ^ 



♦ ♦♦♦ 



\ 



we see, as noted by Attneave [ijg] , that the liipressicn of square 
vs. diaircnd is affected by other allgrrents In the scene, evidently by 
determining our choice of which axis of syncfitr? Is to be used in the 
subjective description. 

Our child understand the topological idea of enclosure quite well. 
Why? Ihis is a vei7 complicated concept in classical mathematics but in 
terms of conputational processes it is perhaps not so difficult. But 
our child Is alrost sure to be puddled about the situation in rig. 5; 
see FapertfH] 




F, 3 .5 



"Mien the bu3 begins its trip around the lake, a boy is seated on the side 
away from the water. Will he be on the lake side at soire tiro in 
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tbe trip?" Difficulty with this is liable to persist throutfi the child's 
eighth year, and periiaps relates to his difficulties with other abstract 
double reversals such as In Extracting negative nunfcers, or with appre- 
hending ■jt'viai' ^j^v-Juri-ncei; ci ccnt.Inu.Uy — "at what point :n BtlS trfj 
is there arff sudden change?" — or with other bridges between local and 
global. 

Our portrait is drawn in ncre detail in the literature on develop- 
rental psychology. But no cne has yet built erough of a conputaticnal 
nodel of a child to see how these abilities and limitations link together 
in a structure conpatible with (and peitiaps consequential to) other things 
he can do so effectively. Such work is beginning hcwever, and I expect 
the next decade to see substantial progress on such radels. 

If he knew rrore about these matters, we might be able to help the 
child. At present we dcn't even have good diagnostics: his apparent 
ability to learn to give correct answers to formal questions may shew 
only that he has developed some isolated librae routines. If these 
cannot be called by his central problem-solving programs, because they 
use inconpatable data structures or whatever, we may gpt a higji-rated 
test-passer who will never think very well- 
Before computation, the coanunity of ideas about the nature of 
thought was too feeble to support an effective theory of learning and 
development. Neither the finite-state models of Behaviorists, the 
hydraulic and eccoxjmic analogies of the Freudians, nor the rabbit-in-the- 
hate insigjits of the Gestaltists supplied enough ingredients to understand 
so intricate a sitoject. It needs a substrate of already debugged 
theories and solutions of related but sinpler problems. New we have a 
flood of such ideas, well-defined and implemented, for thinking about 
thinking; only a fraction are represented Iji traditicnal psychology: 



-26- 



synfroi table 
pure procedure 
tijre-sharlng 
calling sequence 
functional argurrent 
merozy protection 
dispatch table 
error message 
function-call trace 
breakpoint 
languages 
conpiler 
indirect address 
macro 

property list 
data-type 
hash-coding 
micro-program 
format notching 



clcsed sub routines 

push-<2cwn list 

Interrupt 

COTifunication cell 

conmon storage 

decision tree 

hardware-software trade-off 

serial-parallel tra^-off 

tiirc-nieirory trade-off 

conditional breakpoint 

(and the enornpus set of ideas there) 

Interpreter 

ggrbage collection 

list-structure 

block-structure 

look-ahead 

look-behind 

diagnostic program 

executive prc^rani 



Ihese are Just a few ideas from general systems programming and 
debugging; we have said nothing about the many irare specifically relevant 
concepts In Artificial Intelligence or other advanced areas. All these 
serve today as tools of a curious and intricate craft, programming. 
But just as Astroncmy succeeded Astrology* following Kepler's regularities * 
the discovery of principles in empirical exploration of Intellectual 
process in irachines should lead to a science. (In Education we face 
still the sare carpet it Ion! The Boston Glctoe has an Astrology page in 
its "conic" section. Help fi#it Intellect pollution!) 

To return to our child, how can our ccnputational ideas help him 
with his nuntoer concept. As a baby he learned to reco©ti.ze certain special 
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pair-ccnfiguratlons like two hands or two shoes. Much later he learned 
about scma threes — perhaps the long gap is because the environment 
doesn't have many fixed triplets: if he happens to find three pennies 
he will likely lose or gain one soon. Eventually he will find sore 
procedure that manages five or six things, and he will be less at the 
mercy of finding and losing. But for more than six or seven things, he 
will remain at the mercy of forgetting; even if his verbal count is flaw- 
less, his enumeration procedure will have defects. He will skip some 
items and count others twice. We can help by proposing better procedures; 
putting things into a box is nearly foolproof, and so is crossing them 
off. But for fixed objects he will need some mental grouping procedure. 

***** oae should try to know what the child is doing; eye-motion 

study might help, asking him might be enough. He may be selecting the 
next item with some unreliable, nearly random method, with no good way 
to keep track of what has been counted. We might suggest: 
sUding a cursor 

drawing a ccarse im£h_ 

In each case the construction can be either real or Imaginary. 
In using the nesh rrethcd one has to remember not to count twice ob- 
jects that cross the mesh lines. The teacher should shew that it 
is good to plan ahead, as in Fig. 6, distorting the mesh to avoid the 
ambiguities I 

Fig- 6 
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Kathematically, the important concept is that "every proper counting 
procedure yields the same nunber. u The child will understand that any 
algorithm is proper which 

(1) count3 all the objects 

(2) counts none of them twice 

Pertiaps this procedural conditiOT seems too siirple; even an adult 
could understand it. In any case, it is not the concept of nunfcer adopted 
in what is today generally called the "Nsw Math, 11 and taugjit in our priinaiy 
schools. The following polemic discusses this. 

THE "NEW MATHEMATICS" 

By the "New Math" I rean certain primary school attenpts to imitate 
the fonnallstic methods of professional mathematicians. Precipitously 
adopted by many schools. In the wake of brood new ccncemswith early 
education, I think the approach is generally bad because of fon&-content 
displacements of several kinds. "fliese cause problems for the teacher 
as well as for the child. 

Because of the forma llstlc approach the teacher will not be able 
to help the child very much \4th problems of foundation. Ftor she will 
feel insecure herself as she drills him on such matters as the difference 
between the enpty set and nothing, or the distinction between the "nureral" 
3+5 and the nureral 8 which is the "conron name" of the nunber eight, 
hoping that he will not ask what is the cormrcn name of the fraction B/l 
which is prcfrably different from the raticral 8/1 and different from 
the quotient 8/1 and different frcm the "indicated division" 8/1 and 
different from the ordered pair (8,1). She will be reticent about 
discussing parallel lines. For parallel lines do not usually reet, she 
knows, but they irdgjit {she has heaixi) if produced far enou#i, for did 
not something like that happen csice in an experiJient by sore Russian 
Mathematicians? But erKwtfi of the prcblems of tlie teacher: let us 
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conslder new the objections from the child's standpoint. 

DEVElflfflENTAIi C&JTCTlOJiS: It Is very baa to Insist that the child 
keep his knowledge In a siiiple ordered hierarchy. In order to re- 
trieve what he needs, he irajst have a irultiply connected network, so that 
he can try several ways to do each thing. He may not manage to match 
the first nethod to the needs of the problem, Btfhasis on the "fora&l 
proof" Is destructive at this sta^p, because the kncwledge needed for 
finding proofs, and for understanding them, is far more ccoiplex (and 
less useful) than the knowledge nentictied In proofs. The network 
of knowledge one needs for understanding ppomstry is a web 

of examples and phenonena^and cbservatlore about the similarities and 
differences between them, ftie does not find evidence, in children, 
that such webs araaniered like the axioms and theorems of a logistic 
system, or tliat the child could use such a lattice If he had one. 
After one understands a pftencerencn, it iray be of great value to imke 
a fonnal system for it, to irake it easier to understand more advanced 
things. But even then, such a fonnal system is Just one of ireny 
pcesible models; the New Hath writers seem to confuse their axicm-theorem 
nodel with the nunber system itself. In the case of the axlars for 
arithemetic, 1 will no* argue, the fornfilism is often likely to do nore 
harm than good for the understanding of nore advanced things . 

Historically, the "set" approach used In Ifew Math caies from 
a formalist attenpt to derive the intuitive properties cf the continuum 
frccn a nearly-finite set-theory* They partly succeeded In this stunt 
(or "hack", a3 sane prcgrairrers would put it) but in a manner so ccnplex 
that one cannot talk seriously about the real nunfoers until well into 
Higi School^ if one follcws this irodel . The ideas of Tcpolo© are 
deferred until iruch later. But children, in their sixth year, already 
have well-developed gpecetric and toploglcal Ideas; cnly they have little 
ability to nonipulate abstract synfools and definiticra. Vfe should build 
out from the child's straig polJis, instead of undermining hijn by attempting 
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to replace what he has by structures he cannot yet handle. But It is 
just Ulce mthemticians — certainly the world's worst expositors — 
to think: "you can teach a child anything, if you Just get the definitions 
precise enougi" or 1f if we ^t all the definiticra rigit the first tire, 
we won't have any trouble teter." We are r»t progranming an enpty 
machine in &DR1RAM: we are neddling with a poorly understood large 
system that, characteristically, uses nultiply-deflned synfcols in its 
normal heuristic behavior. 

IWruiTIVE CBJECTIOIS: New Math entfiasizes tte idea that a nuctoer 
can be identified with an equivalence-class of all sets that can be put 
into one-to-one correspondence with ere another. alien the rational 
nunbers are defined as equivalence classes of pairs of integers, and a 
maze of formalism (whose purpose is obscure) Is introduced to prevent 
the child from ldentitying the raticnals with the quotients or fractions. 
Functions areoften treated as sets, although scire texts present "faction 

nachines" with a superficially algprithndc flavor. Ihe definition 
of a "variable" is another fiendish raze of ccnpllcation involving 
nanes, values, expressions, clauses, sentences, numerals, "indicated 
operations", ana so forth. (In fact, there are so many different kinds 
of variables In real problenwsolving that real-life mathematicians do 
not usually give them fonral distinctions, but use the entire prcblem 
context to explain them.) In the course of pursuing this foraallstic 
ctosessictt, the curriculum never presents any coherent picture of real 
mathematical phenomena of processes, discrete or continuous; of the 
algebra whose notational syntax concerns it so; or of ^coetry. 
The "theorems" that are "proved" from tire to tijie, like "a nuctoer x 
has only ere additive inverse, -x", are so mundane and ctovious that neither 
teacher nor student can make out the purpCGe of the proof. For exanple, 
the student is made to distinguish clearly between the inverse of 
addition and the opposite sense of distance; a discrimination that seems 
entirely against the f\ision of these notions that would seem desirable. 
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Ihe "official 1 ' proof would add y to both sides of x + (-y) = 0, apply 
the associative law, then the canattative law, then the y + (-y) = 
lax, and finally the axicra3 of equality, to show that y must equal x. 
Ihe child's mind can n&re easily understand deeper ideas? "In x+(-y) = 0, 
ir y were less than x there would be sane left over; while if x were 
less than y there would be a minus nunfcer left — so they raist fce exactly 
equal/' The child is not permitted to use this kittl of oixter-plus- 
continuity thinking, presumably because it ises "acre advanced knowledge," 
hence isn't part of a "real proof". But in the networic of ideas the 
child needs, this link has equal logical status and surely greater 
heuristic value, 

COMPUTATIONAL OBJECTIONS: Bie idea of a procedure, anl the 
Jam-hew tha^ cores from learning hew to test, mcdifV and adapt procedures, 
can transfer to nany — we believe, all — the child's other activities. 
Traditional academic subjects such as algebra ajrf arithmetic have rela- 
tively small developmental significance, especially when they are weak 
in intuitive ijpoiret;^. {The questicn of which kinds of learning can 
"transfer" to other activities is a fundamental cne in educational theory: 
I en|Siasi2e ag^in our conjecture that the Ideas of procedures and de- 
bugging will turn out to be unique in their transfer-ability.) In 
Algebra, as we have noted, the concept of "variable" Is explicated; 
but in Conputation the child can easily see "x + y + 2" as describing 
a procedure (any procedure for adding!) with "x", "y", and "z" as 
pointing to its "data". Rjnctions are easy to grasp as procedures; 
haixl if ljragined as ordered pairs. If ycu want a graph, describe a 
rnachin* that draws the graph; if you have a graph, describe a machine 
that can read it to find the values of the function. Both are easy 
arc! useful caicepts. 

Let us rot fall into a cultural trap: the set thecay "foundation" 
for mathematics is popular today among mathematicians because it Is 
the aie they tackled and mastered (in college). These schemes simply are not 
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aoqualnted, generally, with conputatitti or with the Po3t- J I\a7ine-[ ( taCulloch- 
Pitts-WsCarthy-Newell^ijnro-... family of theories that will be so nuch 
irore inportant when the children grow up. i\v set theory i5 not as 
the logicians and polishers would have it, the only and true foindation 
of mathematics j It Is a viewpoint that is pretty good for investigating 
the transfinlte, but undistinguished for comprehending the real nunfcers a 
and quite substandard for learning about arithmetic, algebra, arxi 

pponetiv- 

To sunnirlze dv objections, the New Math emphasizes the use of 
fonralisn and symbolic manipulation instead of the heuristic and Intuitive 
content of the subject matter. 3he child Is expected to learn how to 
solve problem* but we do not teach him what we knew, either about the 
subject or about prctolem solving,* 

An exairple of hew the preoccupation with fona (In this case, the 
axiooe for arithmetic) can warp one's view of the content, let us examine 
the weiKl ccmpulsicn to Insist that addition is ultimately an operatic*! 
on.two quantities. In New Math, a+b+c nust "really" be coe of (a+{b+c)) 

A 

or ((a+b)+c), and a*i>+c+i3 can be neaningftd enly after several applica- 
tions of the associative law. New this is silly in many contexts. 
The child has already a gpod intuitive Idea of what it neans to put several 
sets together; it is Just as easy to mix five colors of beads as two. 
Thus additioi is already an n-ary operation. But listen to the book 
trying to prove that this is not so: 

Addition Is -..always performed on two nuntoers. 
Ihis may not seem reasonable at first sigjit, since 
you have often added long string? of figures. Tiy 
an experirent on yourself. Try to add the nuntoers 
7, 6, 3 simultaneously. No ratter how you atteanpt 
it, you are forced to choose two of the nuntoers, add 
thejn, and then add the third to their sum." 

{Fran a ninth-grade SftEG text-) 



•In a shrewd but hilarious discussion of New Hath textbooks, Fteynman L^^J 
explores the consequences of distinguishing between the thing and itself. 
"Color the pictureof the ball red," a bock says^ instead of "color the ball 
red." "Shall we color the entire square area in which the ball Image appears 
or Just the part inside the circle of the ball," asks Feynman. (To "color the 
balls red" would presumably have to be "color the insides of the circles of all 
the rrerctoera of the set of balls" or scaiething like that.) 
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Ia the height or a tower the result or adding its stages by pairs 

*" a "^1*$* * thS Un&h OT area ° f m ***** P 1 ^"^ 

that way^ Why did they introduce their sets and their cne-one-correspondences 
then to miss the point? Evidently, they have talked thrives into believ- 
ing that the axioms they selected for algebra have soite special kind of 
truth I 

let us consider a lew important and pretty ideas that are not 
discussed nuch in grade school: first consider the sum 
1/2 + 1/1 * i/Q * . . . 

Interpreted as area, one gets fascinating regrouping ldeasi as in Kg. 7 

PiS- 7 - 



t; 





i 





A 



Once the child knows how to do division, he can compute and appreciate 
soma quantitative aspects of the limiting process 

.5 

•25 

.125 

.0625 

-03125 



.06875+ and he can learn about folding and cutting and epidemics 
and populations. He could learn about 

X - P* + qx, where p + a = l, and hence appreciate dilution; 
he can learn that 

Vf J H/S > 5/6 1 S/l t 7/8..„-»l 
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and be to understand the many colorful and caimcreense geometrical 
and top logical coraequences of such ratters. 

But in the New Math, the syntactic distinctions between rationale, 
quotients, and fractions are carried so far that to see which of 3/8 
and V9 is larger, cne Is not permitted to cccnpute and concare .375 
with ,4144, One mat crcss-amltiply . New cross-multiplication is 
very cute, but it has two bugs: (1) y\* cue can rereirtoer which 

way the resulting coiditicnal should branch and (2) it dcesn r t tell how 
far apart the nunfcers are. "Die abstract cencept of order 1b very elegant 
{another set of axiare for the ctovious) but the children already under- 
stand order pretty well and want to kna* the awo^^ft* 

Another ebsessien is the concern for nunfcer base. It is gacd for 
the children to mderstand clearly that 223 is "two hundred" plus "twenty" 
plus "three", and I think that this should be trade as siitple as possible 
rather than complicated.* I do not think that the idea is so rich that 
cne should drill young children to do arithmetic in several basest 
Ftor there is very little transfer of this feeble concept to other things, 
and it risks a crippling insult to the fragile arithmetic of pupils, 
already troubled with 6 + 7-13; new find that 6 + 7 ■ 15. Besides* 
for all the attention to nunt>er base, I do not see in ray children's 
becks any concern with even a few nontrlvial inplications — concepts 
that ndgjit Justify the attention, such as: 

Why is there crcly ore way to write a decimal integer? 

Shy does casting-out ninsa work? (It isn't even mentioned.) 

What happens if we use arbitrary non-jxwers, such as 

a + 37b + 24c + Ud + . . . 
Instead of the usual 

a + lCb + 100c + lOOOd + . . . ? 



Cf, Toti Lehrer's scng, "New Math,"&Q 
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If they don't discuss such matters, they must have another purpose. 
Ity conjecture is that the whole fuss is to make the kids better understand 
the procedures for multiplying and dividing. In fact the latter algorithm 
has been ejqjanded into the form 



v::::. 

700 

80 




32200 

36SS 



"3756" 



Biis is too currtoersoire; the child will never use it to explore nuireric 
phenomena. And,alH"<w*Ji it is of sera interest to understand hew it works, 
writing out the whole display suggests that the educator believes that the 
child ougnt to understand the horrible thing every tire ! This is wrong. 
Ihe ijiportant idea* if any, is the repeated subtraction; the rest is Just 
a clever but not vital prograimiLng hack. 

If we can teach, perhaps by rote, a practical division algorithm, 
fine. But in any case let us give them little calculators ; if that is 
too expensive, why not slide mles. Please, without an impossible 
explanation- The lnportant thing is to get an to the real nuntoers ! 
Itoe New Math's ceneem with the integers Is so fanatical that It reminds 
ire, if I nay rention another pseudo-science, of Nurcerology. (How about 
that, Boston Glebe!) 

The Cauchy-Ifedeklnd-Russell-Wiltehead set-theory forralism was a larg* 
acconpUshrcent — the first of a series of demonstrations that rany 
mathematical ideas can be derived frcm a few primitives, albeit by a long 
and tortuous route. But the child's prcblem is to acquire the ideas at 
all; he needs to learn about reality. In terms of the coicepts available 
to hijn, the entire fonralisra of set-theorv cannot hold a candle to coe 
older, sinpler, and possible greater idea: the ncn-tenninating decimal 
representation of t*se intuitive real nuirtoer line- 



-36- 



There i$ a real conflict between the 
logician's goal and the educator's* 
The logician wants to minimise the 
variety of ideas* and doesn't mind 
a long, thin path* The educator 
Criqhtl\f) wants to make the paths 
short and doesn't mind ™ in fact, 
prefex*s ~- connections to many other 
ideas. And he cax>e$ almost not at 
all about the directions of the links* 

As tor better understanding of the Integers, countless exercises 
In raking little children draw diagrams of OTe-coa-con^spondences 
will not help, I think. It will help, no doifct, in their learning 
valuable algorithms, not for nunber but fbr the ijiportant toplogical 
and procedural problem in drawing paths without crossing, and so forth. 
It is just that sort of prctolem, now treated entirely accidentally, 
that we should attend to. 

The conputer scientist thus has a responsibility to Education, 
Not, as he thinks, because he will have to program the teaching 
machines. Certainly not, because he is a skilled user of "finite 
mathematics." His kncws hew to debug program, he oust tell the 
educators ho* to tell the children to debug theirs. Ke kncws hew 
procedures depend on their data-structures; he can tell educators hew 
to prepare children Cor new Ideas. He kncws why it Is bad to use 
clever efficient double-purpose tricks that haunt one later in debugg- 
ing and enlarging programs, (Ibus: ceie can capture the kids 1 in- 
terest by associating snail matters with arbitrary colors. But what 
will this trick do for their later attempts to apply nunfcer ideas 
to area, or to volune, or to value?) Ihe computer scientist is the 
one who nwst study such natters, because he Is the proprietor of the 
concept of procedure ? tte secret educators have so long been seeking • 
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